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Abstract 

The theory of spaces with different (not only by sign) contravariant 
and covariant affine connections and metrics [(L n ,g) -spaces] is worked 
out within the framework of the tensor analysis over differ entiable mani- 
folds and in a volume necessary for the further considerations of the kine- 
matics of vector fields and the Lagrangian theory of tensor fields over 
(L„, g) -spaces. The possibility of introducing different (not only by sign) 
affine connections for contravariant and covariant tensor fields over dif- 
ferentiable manifolds with finite dimensions is discussed. The action of 
the deviation operator, having an important role for deviation equations 
in gravitational physics, is considered for the case of contravariant and 
covariant vector fields over differentiable manifolds with different affine 
connections (called L n -spaces). A deviation identity for contravariant 
vector fields is obtained. The notions covariant, contravariant, covariant 
projective and contravariant projective metric are introduced in (L n ,g)- 
spaces. The action of the covariant and the Lie differential operator on 
the different type of metrics is found. The notions of symmetric covariant 
and contravariant (Riemannian) connection are determined and presented 
by means of the covariant and contravariant metric and the corresponding 
torsion tensors. The different types of relative tensor fields (tensor den- 
sities) as well as the invariant differential operators acting on them are 
considered. The invariant volume element and its properties under the 
action of different differential operators are investigated. 
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1 Introduction 

In the present review, the differentiable manifolds with different (not only by 
sign) contravariant and covariant affine connections and metrics [spaces with 
contravariant and covariant affine connections and metrics, (L„, g)-spaces] are 
considered as models of the space-time. On the grounds of the differential- 
geometric structures of the (L n , g)-spaces the kinematics of vector fields and the 
dynamics of tensor fields has been worked out as useful tools in mathematical 
models for description of physical interactions and especially the gravitational 
interaction in the modern gravitational physics. The general results found for 
differentiable manifolds with different (not only by sign) contravariant and co- 
variant affine connections and metrics can be specialized for spaces with one 
affine connection and a metric [the s. c. (L n , <?)-spaces] as well as for (pseudo) 
Riemannian spaces with or without torsion [the s.c. U n - and y n -spaces]. The 
most results are given either in index- free form or in a co-ordinate, or in a non- 
co-ordinate basis. The main objects taken in such type of investigations can be 
given in the following scheme 



Spaces with contravariant and covariant 
affine connections and metrics 
differential operators 

covariant differential operator, 
Lie differential operator, 
operator of curvature, 
deviation operator, 
extension operator, 
affine connections, metrics, 
special tensor fields, tensor densities, invariant volume element 



Kinematic characteristics 
of contravariant vector fields 



3 



relative velocity (shear, rotation and expansion velocities), 
relative acceleration (shear, rotation and expansion accelerations), 

deviation equations, 
geodesic and auto-paralel equations, 
Fermi- Walker transports, 
conformal transports 



Lagrangian theory of tensor fields 
Lagrangian density, 
variational principles, 
Euler-Lagrange's equations, 
energy-momentum tensors 

In this review we consider only the elements of the first part of the above 
scheme related to spaces with contravariant and covariant affine connections and 
metrics. The review appears as an introduction to the theory of the (L n ,g)- 
spaces. It contains formulas necessary for the development of the mechanics of 
tensor fields and for constructing mathematical models of different dynamical 
systems described by the use of the main objects under consideration. The 
general results found for differentiable manifolds with different (not only by sign) 
contravariant and covariant affine connections and metrics can be specialized for 
spaces with one affine connection and a metric [the s. c. (L n , <?)-spaces] as well 
as for (pseudo) Riemannian spaces with or without torsion [the s.c. U n - and V n - 
spaces]. The most results are given either in index-free form or in a co-ordinate, 
or in a non-co-ordinate basis. This has been done to facilitate the reader in 
choosing the right form of the results for his own further considerations. The 
main conclusions are summarized in the last section. 

The (L„, g)-spaces have interesting properties which could be of use in the 
theoretical physics and especially in the theoretical gravitational physics. In 
these type of spaces the introduction of a contravariant non-symmetric affine 
connection for contravariant tensor fields and the introduction of a symmetric 
(Riemannian, Levi-Civita connection) for covariant tensor fields is possible. On 
this grounds we can consider flat spaces [(M„, g)-spaces] with predetermined 
torsion for the contravariant vector fields and with torsion-free connection for 
the covariant vector fields. In analogous way these type of structures could be 
induced in (pseudo) Riemannian spaces [{V n , p)-spaces]. 

1.1 Space-time geometry and differential geometry 

In the last few years new attempts jj] - [[§ have been made to revive the ideas 
of Weyl p| , [?] for using manifolds with independent affine connection and met- 
ric (spaces with affine connection and metric) as a model of space-time in the 
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theory of gravitation ||. In such spaces the connection for co-tangent vector 
fields (as dual to the tangent vector fields) differs from the connection for the 
tangent vector fields only by sign. The last fact is due to the definition of dual 
vector bases in dual vector spaces over points of a manifold, which is a trivial 
generalization of the definition of dual bases of algebraic dual vector spaces from 
the multi-linear algebra || - ||. On the one hand, the hole modern differential 
geometry is built as a rigorous logical structure having as one of its main as- 
sumption the canonical definition for dual bases of algebraic dual vector spaces 
(with equal dimensions) JT(J . On the other hand, the possibility of introducing 
a non-canonical definition for dual bases of algebraic dual vector spaces (with 
equal dimensions) has been pointed out by many mathematicians jit] who have 
not exploited this possibility for further evolution of the differential-geometric 
structures and its applications. The canonical definition of dual bases of dual 
spaces is so naturally embedded in the ground of the differential geometry that 
no need has occurred for changing it [jl2| - (IB) . But the last time evolution of the 
mathematical models for describing the gravitational interaction on a classical 
level shows a tendency to generalizations, using spaces with affine connection 
and metric, which can also be generalized using the freedom of the differential- 
geometric preconditions. It has been proved that an affine connection, which in 
a point or over a curve in Riemannian spaces can vanish (a fact leading to the 
principle of equivalence in ETG), can also vanish under a special choice of the 
basic system in a space with affine connection and metric |l6| - |l8|]. The last 
fact shows that the equivalence principle in the ETG could be considered only 
as a physical interpretation of a corollary of the mathematical apparatus used in 
this theory. Therefore, every differentiable manifold with affine connection and 
metric can be used as a model for space-time in which the equivalence principle 
holds. But if the manifold has two different (not only by sign) connections for 
tangent and cotangent vector fields, the situation changes and is worth being 
investigated. 

The basic notions in the differential geometry related to the notions consid- 
ered in this review are defined for the most part in textbook and monographs 
on differential geometry [see for example jl9| - |25[| ]. 



2 Algebraic dual vector spaces. Contraction op- 
erator 

The notion of algebraic dual vector space can be introduced in a way JtJ in 
which the two vector spaces (the considered and its dual vector space) are two 
independent (finite) vector spaces with equal dimensions. 

Let X and X* be two vector spaces with equal dimensions dim X = dim 
X* = n. Let S be an operator (mapping) such that to every pair of elements 
u G X and p € X* sets an element of the field K (R or C), i.e. 

S :{u, P )^ zeK ,ueX , P eX* . (l) 
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Definition 1 The operator (mapping) S is called contraction operator S if it 
is a bilinear symmetric mapping, i.e. if it fulfils the following conditions: 

(a) S{u, Pl + P2 ) = S(u, Pl ) + S{u,p 2 ) ,VueX,V Pl EX* , i = 1,2 . 

(b) S(ui + u 2 ,p) = S(ui,p) + S(u 2 ,p) , Vu, G X , i = 1,2 , Vp 6 X* . 

(c) S{au,p) = S(u,ap) = aS(u,p) , a G K . 

(d) Nondegeneracy: if u\, ...,u n are linear independent in X and S{u\,p) = 
0, S(u n ,p) — 0, then the p is the null element in X* . In an analogous way, 
if pi,...,p n are linear independent in X* and S(u,pi) — 0, ... , S(u,p n ) = 0, 
then u is the null element in X. 

(e) Symmetry: S(u,p) — S(p,u) , Vw G X , Vp G X* . 

Let ei, ...,e„ be an arbitrary basis in X, and let e , e™ be an arbitrary 
basis in X*. Let u = u l ei G X and p = Pke k G X*. From the properties (a) - 
(c) it follows that 

S(u,p) = f k i.u'.pk , (2) 

where 

/ fe i = 5(e i ,e fc ) = ,S(e fe ) e i )e^. (3) 

In this way the result of the action of the contraction operator S is expressed 
in terms of a bilinear form. The property non-degeneracy (d) means the non- 
degeneracy of the bilinear form. The result S(u,p) can be defined in different 
ways by giving arbitrary numbers f k i G K for which the condition det (f k 
i) ^ and, at the same time, the conditions (a) - (d) are fulfilled. 

Definition 2 (Mutually) algebraic dual vector spaces. The spaces X and X* 
are called (mutually) dual spaces if an contraction operator acting on them is 
given and they are considered together with this operator [i.e. (X, X* , S) with 
dim X = n =dim X* defines the two (mutually) dual spaces X and X*]. 

The definition for (mutually) algebraic dual spaces allows for a given vector 
space X an infinite number of vector spaces X* (in different ways dual to X) to 
be constructed. In order to avoid this non-uniqueness Efimov and Rosendorn 
introduced the notion equivalence between dual vector spaces [which is an 
additional condition to the definition of (mutually) dual spaces]. 

Definition 3 Equivalent dual to X vector spaces. Let X^ and X 2 be two n- 

dimensional vector spaces, dual to X. If a linear isomorphism exists between 
them, such that 

S{u,p) = S(u,p') , Mu e X , Vp G XI , p' e X* , (4) 

where p' is the element of X^ , corresponding to p of XI by means of the linear 
isomorphism, then X^ and X 2 are called equivalent dual to X vector spaces. 

Proposition 4 All linear (vector) spaces, dual to a given vector space X , are 
equivalent to each other. 
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For proving this proposition, it is enough to be shown that if for X and X* 
is given an arbitrary S, then for an arbitrary basis e\, ...,e n £ X one can find 
an unique dual to it basis e 1 , ...,e" in the space X* , i.e. e 1 , e n £ X* can be 
found in an unique way so that S(ei, e k ) — f k i, where f k i E K are preliminary 
given numbers f p6[ . The proof is analogous to the proof given by Efimov and 
Rosendorn M for the case S = C : C(ek,e l ) = g k , g k = 1 for k = i, g k = 
for k ^ i. C(ek,e l ) = g\ means that the dual to {et} basic vector field e % is 
orthogonal to all basic vectors for which k ^ i. The contraction operator C 
is the corresponding to the canonical approach mapping 

C(u,p) = C(p,u) = p(u) = Pi.u 1 . (5) 

The new definition of algebraic dual spaces is as a matter in fact corre- 
sponding to that in the common approach. Only the dual basic vector e* is not 
orthogonal to the basic vectors ej, : S(ek,e l ) = f l k ^ g\- It is enough to be 
noticed that for an arbitrary element p £ X* the corresponding linear form 

S(u,p) =p l .u i = Pl .f k .u k =pj-u l (6) 

is given, where pi,—,p n are the constant components of a given vector p e X*. 
The last equality can be written also in the form 

S(u,p) = S(p,u) = p(u) = pi.u 1 . (7) 



Remark 1 The generalization of the notion of algebraic dual spaces for the 
case of vector fields over a differentiable manifold is a trivial one. The vector 
fields are considered as sections of vector bundles over a manifold. The vector 
bases become dependent on the points of the manifold and the numbers p j are 
considered as functions over the manifold. 

Remark 2 If the basic vectors in the tangential space T X (M) at a point x 
of a manifold M (dim M = n) are the co-ordinate vector fields di and in the 
dual vector space (the co-tangent space) T*(M) the basis {dx k } is defined as 
a dual to the basis {di}, where dx k are the differentials of the co-ordinates x k 
of the point x in a given chart, then S(di,dx k ) — f k i [f k i E C r (M)J. After 
multiplication of the last equality with fk 1 and taking into account the relation 
f k i-fk l = g\ the condition follows S(di,fk 1 .dx k ) = g\, which is equivalent to 
the result of the action of the contraction operator C over the vectors di and e l , 
where e l — f l u.dx k . The new vectors e l are not in the general case co-ordinate 
differentials of the co-ordinates x l at x € M . They would be differentials of 
new co-ordinates x l = x l (x k ) if the relation dx l = 1 -dx k is connected with 
the condition e l = dx l and x = J dx l . In analogous way, for the case, when 
S(fl l -di,dx k ) = g k the new vectors e; = // 1 .di in the general case are not 
again co-ordinate vector fields 8^. e; would be again co-ordinate vector fields 
if by changing the charts (the co-ordinates) at a point x £ M the condition fi 
i = M^. is fulfilled. 
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Thus, the definition of algebraic dual vector fields over manifolds by means 
of the contraction operator S as a generalization of the contraction operator 
C allows considerations including functions /* j(x k ) instead of the Kronecker 
symbol g*. 

The contraction operator S can be easily generalized to a multilinear con- 
traction operator S. 

3 Contravariant and covariant affine connections. 
Covariant differential operator 

3.1 Affine connection. Covariant differential operator 

The notion affine connection can be defined in different ways but in all definitions 
a linear mapping is given, which to a given vector of a vector space over a point x 
of a manifold M juxtaposes a corresponding vector from the same vector space 
at this point. The corresponding vector is identified as vector of the vector 
space over another point of the manifold M. The way of identification is called 
transport from one point to another point of the manifold. 

Vector and tensor fields over a differentiable manifold are provided with the 
structure of a linear (vector) space by defining the corresponding operations at 
every point of the manifold. 

Definition 5 Affine connection over a differentiable manifold M . Let V(M) 
(dim M = n) be the set of all (smooth) vector fields over the manifold M. The 
mapping V : V(M) x V(M) — ► V(M), by means ofV(u,w) — > V u w, u,w e 
V(M), with V u as a covariant differential operator along the vector field u (s. 
the definition below), is called affine connection over the manifold M. 

Definition 6 A covariant differential operator (along the vector field u). The 
linear differential operator (mapping) V u with the following properties 

(a) V u (v + w) = V u v + V u w , u,v,weV(M), 

(b) V u (f.v) = (uf).v + f.V u v , / e C r (M) , r > 1 , 

(c) V u+V w = \7 u w + V v w , 

(d) Vf u v = f.V u v , 

(e) V u f = uf,feC r (M) ,r>l , 

(f) V u (v w) = V u w w + v ® V u w (Leibniz rule), is the sign for the 
tensor product, 

is called covariant differential operator along the vector field u. 

The result of the action of the covariant differential operator W u v is often 
called covariant derivative of the vector field v along the vector field u. 

In a given chart (co-ordinate system), the determination of \J ea ep in the 
basis {e a } defines the components V^ 7 of the affine connection V 

Ve a e /3 = V^.e 7 , a,/3,7= l,...,n . (8) 



8 



{V7o} have the transformation properties of a linear differential geometric 
object II, f§. 

Definition 7 Space with affine connection. Differentiable manifold M, pro- 
vided with affine connection V, i.e. the pair (M,V), is called space with affine 
connection. 

3.2 Contravariant and covariant affine connections 

The action of the covariant differential operator on a contravariant (tangential) 
co-ordinate basic vector field di over M along another contravariant co-ordinate 
basic vector field dj is determined by the affine connection V = T with compo- 
nents r*- in a given chart (co-ordinate system) defined through 

Va,$=r&A. (9) 
For a non-coordinate contravariant basis e a € T(M) , T(M) = U x ^mT x (M), 

V 6(3 e a =r^.e 7 . (10) 

Definition 8 Contravariant affine connection. The affine connection V = T 
induced by the action of the covariant differential operator on contravariant 
vector fields is called contravariant affine connection. 

The action of the covariant differential operator on a covariant (dual to 
contravariant) basic vector field e a [e a £ T*(M) , T*(M) = U xeM T*{M)\ 
along a contravariant basic (non-co-ordinate) vector field ep is determined by 
the affine connection V = P with components Pp defined through 

V e ,e« = i^.e? . (11) 

For a co-ordinate covariant basis dx 1 

V d] dx l =Pt r dx k . (12) 

Definition 9 Covariant affine connection. The affine connection V = P in- 
duced by the action of the covariant differential operator on covariant vector 
fields is called covariant affine connection. 

Definition 10 Space with contravariant and covariant affine connections (L n - 
space). The differentiable manifold provided with contravariant affine connec- 
tion r and covariant affine connection P is called space with contravariant and 
covariant affine connections. 
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The connection between the two connections T and P is based on the connec- 
tion between the two dual spaces T(M) and T*(M), which on its side is based 
on the existence of the contraction operator S. Usually commutation relations 
are required between the contraction operator and the covariant differential op- 
erator in the form 

SoV u = V„oS. (13) 

If the last operator equality in the form \7 dk o S = S o V 9fc is used for acting 
on the tensor product dx % ® dj of two basic vector fields dx 1 G T*(M) and 
dj G T(M), then the relation follows 

f j,k = Fjk-f i + p k-f 3 . f j,k ■= 9 k f j (in a co-ordinate basis). 

(14) 

The last equality can be considered from two different points of view: 

1. If Pj k {x l ) and Fj k (x l ) are given as functions of co-ordinates in M, then 
the equality appears as a system of equations for the unknown functions p 3 -fx 1 ) . 
The solutions of these equations determine the action of the contraction operator 
S on the basic vector fields for given components of both connections. The 
intcgrability conditions for the equations can be written in the form 

R m jki-P m + P l mkl-f m j = > (15) 

where R m jki are the components of the contravariant curvature tensor, con- 
structed by means of the contravariant affinc connection T, and P l mkl are the 
components of the covariant curvature tensor, constructed by means of the co- 
variant affinc connection P, where [R(di, d 3 )]dx k = P k uj.dx 1 , [R(di 7 dj)]dk = 
R l ki 3 .9i , R(9i,9j) = V 9i Va 3 - V 9j V 9i . 

2. If /* j(x l ) are given as functions of the co-ordinates in M, then the 
conditions for /* j determine the connection between the components of the 
contravariant affine connection T and the components of the covariant affinc 
connection P on the grounds of the predetermined action of the contraction 
operator S on basic vector fields. 

If S = C, i.e. /* j — g l j , then the conditions for /* j are fulfilled for every 
P = -r, i.e. 

P)k = -rj fc • (16) 

This fact can be formulated as the following proposition 
Proposition 11 S = C is a sufficient condition for P = —T (P- k = —T % - k ). 

Corollary 12 If P ^ — T, then S ^ C, i.e. if the covariant affine connection P 
has to be different from the contravariant affine connection T not only by sign, 
then the contraction operator S has to be different from the canonical contraction 
operator C (if S commutes with the covariant differential operator). 

The corollary allows the introduction of different (not only by sign) con- 
travariant and covariant connections by using contraction operator S, different 
from the canonical contraction operator C. 
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Example 13 If f 3 = e^.g), where cp G C r (M), <p ^ 0, then P] k = -T) k + 

3.3 Covariant derivatives of contravariant tensor fields 

The action of a covariant differential operator along a contravariant vector field 
u is called transport along a contravariant vector field u (or transport along u). 

The result of the action of the covariant differential operator on a tensor 
field is called covariant derivative of this tensor field. 

The result V U V of the action of V u on a contravariant tensor field V is 
called covariant derivative of a contravariant tensor field V along a contravari- 
ant vector field u (or covariant derivative of V along u) . 

The action of the covariant differential operator on contravariant tensor fields 
with rank > 1 can be determined in a trivial manner on the grounds of the 
Leibniz rule which the operator obeys. Then the action of the operator Ve,- on 
a tensor basis d A = dj 1 <S> ... ® d 3l can be written in the form 

V dj d A = V dj [d n <g> ... ® dj,] = (V d] d n <g> <g> d 3l )+ 
+ (% <8> V 9j % ® ... <8> d 3l ) + ... + (d h <8> ... ® V 9j d 3l ) = 

= r; ® ... ® d j} + ... + ® ... ® a<, = 

= (EU4-^4-^"^::^::-"4-)-^.(a il ®...®a i! ). 

If we introduce the abbreviations 

i 

bAm - Z^ g 0k-9m-9j 1 -9j 2 --9j k _ 1 -9j k+1 --9j l , {!■<) 
k=l 

T% = S Am m .T™ , A = ./:..,// , B = h...k , (18) 
then \7djdA can be written in the form 

V dj d A = Y%.d B = -S Am m .T™.d B . (19) 

The quantities SAm B% obey the following relations 

(a) S Bl A >.S Ak Cl = -g\.S Bk c > , dim M = n, I = 1, N , 

(b) S Bt B * = -N.n N -\gl , 

(c) S Bi M = -N.g A , 
where 

9£=9tl-9t:l-9t-9l::i-9ll (20) 
is defined as multi-Kronecker symbol of rank I 

g B = 1 ifc = ife (for all fc simultaneously) . . 

= i k j^jk ,k = 1, ,/ . 

The covariant derivative along a contravariant vector field u of a contravari- 
ant tensor field V = V a .8a can be written in a co-ordinate basis as 

V U V = (V A ,i + Y A t .V B ).u\d A = V A . ti .u\d A , (22) 
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where 

V A . i = V A ii +T A i .V B (23) 

is called first covariant derivative of the components V A of the contravariant 
tensor field V along a contravariant co-ordinate basic vector field di 

V di V = V A . ii .d A . (24) 

In an analogous way we find for the second covariant derivative \7^V U V 

V ? V„T/ = (V A + V A .j.v? ,i).C.d A = (V A -j.u^.i.C.dA , 

where 

V A .j. ti = (V A .jli + T^.V 3 ,j T%.V A , k (25) 

is the second covariant derivative of the components V A of the contravariant 
vector field V. Here 

V € V„F-V„V £ V - [(V A ;i;j-V A ■j- i ).u i 4 j +V A ,j . {u 3 vl .u l )].d A ■ (26) 

3.4 Covariant derivatives of covariant tensor fields 

In analogous way the covariant derivative of a covariant vector field can be 
written in the form 

V uP = (pij + P*.p k ).u>.dx i = Pi-j.ui.dx* , p e T*(M) , 
(in a co-ordinate basis). 

The action of the covariant differential operator on covariant tensor fields 
with rank > 1 is generalized in a trivial manner on the grounds of the Leibniz 
rule, which holds for this operator. Then the action of the operator on the 
basis dx A = dx^ 1 (g> ... ® dx jl can be written in the form 

\7 d] dx B = P%.dx A = -S Am m .P™.dx A , (28) 

where P% = -S Am m .P™. 

The covariant derivative of a covariant tensor field W — W A .dx A — Ws-e B 
can be written in the form 

V„ir = {W AJ + P%.W B ).v? .dx A = W A . j .u^.dx A , 
(in a co-ordinate basis). 

The form of the covariant derivative of a mixed tensor field follows from the 
form of the derivative of contravariant and covariant basic tensor fields, and the 
Leibniz rule 

V U K = \7 U (K A B .d A ®dx B )= K A B ;j-u j .d A ® dx B = 

(K A BJ + T A 3 .K C B + PE r K A D ).v?.d A ® dx B , (30) 
(in a co-ordinate basis). 
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If the Kronecker tensor is defined in the form 

Kr = g).di ® dx 3 = g%.e a ® e' 3 , (31) 

then the components of the contravariant and the covariant affine connection 
differ from each other by the components of the covariant derivative of the 
Kronecker tensor, i.e. 

+ ^ifc = 9j;k ' + ^/3 7 = 9p/j ■ (32) 

Remark 3 In the special case, when S = C and in the canonical approach 

4 Lie differential operator 

The Lie differential operator £^ along the contravariant vector field £ appears 
as an other operator, which can be constructed by means of a contravariant 
vector field. Its definition can be considered as a generalization of the notion 
Lie derivative of tensor fields ||, (ljj, Q, @. 

Definition 14 £^ :— Lie differential operator along the contravariant vector 
field £ with the following properties: 

(a) £(: : V -> V_ = £(V , V,V E® l {M) . 

(b) £ i : W ->W = £(W , W, W 6 ®k{M) . 

(c) £ ( : K -> X = i^if , K, K e® 1 fc (M) . 

(d) Linear operator with respect to tensor fields, 

^(a.Fi +/3.V 2 ) = a.^Vi +/3.^F 2 , a,/3 G F(i? or C) , V; € <g)'(M) , 
i = 1,2, 

£ c (a.Wi + iS.Wjj) = a.^VKi + ^.£ ? W 2 , W l e , * = 1,2, 

£ i (a.K 1 + (3.K 2 ) = a.£^Ki + p.£^K 2 , K t e ® l k (M) , i = 1,2. 

(e) Linear operator with respect to the contravariant field £ , 
£ a .a + p.u = a.£ s +f3.£ u ,a,/3e F(R or C), £,u £ T(M) . 

(f) Differential operator, obeying the Leibniz rule, 

£ S (S ®U) = £ S S®U + S® £f.U , S € ® m q {M) , U e ® fe i(M) . 

(g) Action on function / E C r (M) , r > 1 , 

A/ = £/ , e e T(M) . 

(h) Action on contravariant vector field, 

£(u = [£,u] ,f,u€T(M) , [£,u] = £o U - U o£ , 

-£« e a = [£l e J = - (eat, 13 ~ C -C-ya )-ep , 

£e a e-0 = [e a ,ep] = C af } 7 .e 7 , C af } 7 € C r (M) , 
£(.di = t i.dj , £ 9i dj = [d i} dj] = . 

(i) Action on covariant basic vector field, 
£^e a = k a {O.e p , £ e , ) e a = k a ^.e' 3 , 
£^dx l = k l j{£).dxi , £g k dx l = k % jk-dx 3 . 



13 



The action of the Lie differential operator on a covariant basic vector field is 
determined by its action on a contravariant basic vector field and the commuta- 
tion relations between the Lie differential operator and the contraction operator 
S. 

4.1 Lie derivatives of contravariant tensor fields 

The Lie differential operator £^ along a contravariant vector field £ appears as 
an other operator which can be constructed by means of a contravariant vector 
field. It is an operator mapping a contravariant tensor field V in a contravariant 
tensor field V — £(V . 

The action of the Lie differential operator along a contravariant vector field 
£ is called dragging- along the contravariant vector field £ (or dragging- along £). 

The result of the action (£^V) of the Lie differential operator £^ on V is 
called Lie derivative of the contravariant tensor field V along a contravariant 
vector field £ (or Lie derivative of V along £). 

The commutator of two Lie differential operators 

£ u ) — £^ o £ u — £ u o £^ (33) 

has the properties: 

(a) Action on a function 

[% £u]f = {££ o £ u - £ u o £{)f = [£, u ]f = (£^u)f = [V 4 , V u ]/ , 
/ e C r (M) , r > 2 . 

(b) Action on a contravariant vector field 

[£(, £ u ] v — ° £u ~ £u ° £^) v — £(,£u v — £ u £^ v = 
£ v £ u £ i £ £ u ^v £ £^ u v . 

(c) The Jacobi identity 

< [£{, [£ u , £v}] > = [£t, [£ u , £v]] + [£v, [£$, £ u ]\ + [£ u , [£v, £$]] = . (34) 

The Lie derivative of a contravariant vector field 

£ iU = [£, u] = = (Z k .u* , fc - u k .C ,k)A , (35) 

where 

£ € u* = Z k .u\ k -u k .e ik (36) 

is called Lie derivative of the components u 1 of a vector field u along a con- 
travariant vector field £ (or Lie derivative of the components u % along £) in a 
co-ordinate basis. 

In a non-co-ordinate basis the Lie derivative can be written in an analogous 
way as in a co-ordinate basis 

£ 5 u = [£, u] = (£ s u a ).e a = (f .e fi u a - u' 3 .e p C + C Pl a .f.u^).e a , (37) 
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where 

£ 6 u a = f.e u a - u (3 .e P C + Cp 1 a .f.u~ 1 (38) 

is called Lie derivative of the components u a of the contravariant vector field u 
along a contravariant vector field £ in a non- co-ordinate basis (or Lie derivative 
of the components u a along £). £ ef ,u can be written in the form 

£ ei3 u = {epu a - C 7/3 ".u 7 ).e Q = u a //p.e a = -£ u ep = (£ efl u a ).e a , (39) 

where 

£ eii u a = u a //0 = e u a - C lP a .v? . (40) 

The second Lie derivative £^£ u v will have in a non-co-ordinate basis the 
form 

£ i £ u v = [f.e fj {£ u v a ) - {£ u vP).e e - C 10 a .(£ u v">).^].e a = (£ s £ u v a ).e a , 

(41) 

where £^£ u v a = £' .ep{£ u v a ) — (£„v /3 ).e ( 9^ a — C 7/ 3 a .(f n » 7 ).f is called second 
Lie derivative of the components v a along u and £ in a non- co-ordinate basis. 

The action of the Lie differential operator on a contravariant tensor field 
with rank k > 1 can be generalized on the basis of the validity of the Leibniz 
rule under the action of this operator on the bases of the tensor fields. 

The result of the action of the operator £^ on a basis d A — dj 1 ®...®di can be 
found by the use of the already known relation £^dj k = —£d j £ = — £ m j k .d m . 
Then £ 5 A = S Am Bn .£ m >n .d B , and 

£ 6 V = £ 6 (V A .d A ) = (£^V A ).d A = {e.V A , fc + S Bk Al .V B .e >x ).d A , (42) 

where £ i V A = £ k .V A <k + S B k Al .V B 4 k ,i is the Lie derivative of the com- 
ponents V A of a contravariant tensor field V along a contravariant vector field 
£ in a co-ordinate basis (or Lie derivative of the components V A along £ in a 
co-ordinate basis). 

For £^£ U V we obtain 

£ t £ u V = (£ s £ u V A ).d A = [£ k (£ u V A ), k + S Bk Al .(£ u V B ).£ k ,i].d A , (43) 

where £ 5 £ U V A = £ k (£ u V A ). k + S Bk Al .{£ u V B ).£ k is called second Lie deriva- 
tive of the components V A along u and £ in a co-ordinate basis. 

The result of the action of the Lie differential operator £^ on a non-co- 
ordinate basis e A can be found in an analogous way as that for a co-ordinate 
basis. Since 

= //p-e a , ^//p = e^ a -C 7P a .C, (44) 

£ (i e A = £(\e ai (g) ... <g) e ai ] = {£^e ai <g> e Q2 ... <g> e ai )+ 
+ (e ai ® £^e a2 <E> ...®e ai ) + ... + (e ai <g> ... <g> £^e ai ) = , 

_ Q BB c a c V 40 J 

- JAa ■? //3- e B , 

A = an... at , B = (3 1 ...f3 l , e B = e 0i ® ... <g> e Pl , 
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then 



£& A = S Aa B P.C , /p .e B and £^V = £ i {V A .e A ) = (£ s V A ).e A = 
= (C-e a V A + S Ba ^.V B .C „ ).e A . 



(46) 



The explicit form of the expression S Ba Af3 ' -£, a //a can be given as 

S Ba AP -C „8 = S Ba Afj .e P C - S Ba A ?.C 7P a .C , (47) 
and if we introduce the abbreviations 

CA q A3 sy a r< A3 s-i a / jq\ 

Bf — JBa -(sfP — —JBa ■<-'3y , (48 J 

S Ba Af3 .C 1,3 - S Ba A P.e P C - C Ba A C , (49) 
then £^V A can be written in the forms 



£(V A = C-e a V A + S Ba A P.V B .C up = 
= C-e a V A + S Ba A ^V B .(e f3 C - C j8 a .C) = 
C-(e a V A - S B p A \V B .C a7 P) + S B3 A ^V B .e^ = 

= e-v A //a + s Ba A e.v B .e g e ■ 



(50) 



£^V A is called Lie derivative of the components V A of a contravariant tensor 
field V along £ in a non-co-ordinate basis. Here 

V A //a = e a V A - S B3 A \V B .C ai " = e a V A - C Ba A .V B . (51) 

In a non-co-ordinate basis the relations arc valid 

£ ea V = V A //a .e A , £ ea e A = - C Aa B .e B . (52) 

The quantity 

i 

Z>Ba - Z^ 9 h-9jk-^3a ■9j k -9j k+1 -9j l , (™) 
k=l 

where / = 1, ...,N, B — A — is the multi- contraction symbol with 

rank N. 



4.2 Connections between the covariant and the Lie differ- 
entiations 

The action of the covariant differential operator and the action of the Lie differ- 
ential operator on functions are identified with the action of the contravariant 
vector field in the construction of both operators. The contravariant vector field 
acts as a differential operator on functions over a diffcrentiable manifold M 

V £ / = U = £ 6 f = t-dif = C-e a f , / e C r (M) , £ e T(M) . 
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If we compare the Lie derivative with the covariant derivative of a contravari- 
ant vector field in a non-co-ordinate (or co-ordinate) basis 



£^u = {£^u a ).e a = {f.e p u a - u^.epC + Cp 7 a .^.u^). 



a i 
a i 



we will see that both expressions have a common term of the type = .epu a 
allowing a relation between the two derivatives. 

After substituting epu a and ep^ a from the equalities e^u" = u a /p — T^.u 7 
and ep£ a = £ Q jp — r"^ 7 in the expression for £^u we obtain 



(55) 



=u a -r , p -T M a ^).vP , 

where 



£ 5 u = (£ s u a ).e a = (u a /l3 .f - C /p.uf 3 - T Pl a .^.u-<).e a = 
= V € u-V u £-T(£,u) , 



(57) 



with 

T(£, u) - 7> 7 Q .^.u 7 .e Q = -T(«, , T( e/3 , e 7 ) - 7> 7 a .e a . (58) 

The contravariant vector field T(£,u) is called (contravariant) torsion vector 
field (or torsion vector field). 

If we use the equality following from the expression for £ u v^ 

v 13 h .v? - v? h .v~< = £ u v fi + T ai P.u a .v~< (59) 

in the expression 

v„v„£ - v„v u e - [(r //3/7 - r /7//3 ).^. u 7 + r ^.(^ /7 .« 7 - / 7 .« 7 )].e Q , 

then 

v u v,e - v„v u e = lie , 0h - e h i (i )^.v? + c /0 .{£ u v^ + t i5 p.u^.v s )].e a = 

= W //3/7 -F M p).vP.v?> + £ a /p.iXuvP + T(>(u,v)].e a , 
r"(«, w) = T 47 ".tA^ , V T(M! „)C = C ,p.T lS P.u~<.v s .e a , 
V„V„e - V„V U £ - V £ „^ - {C /0h - C h//3 ).v f3 .u^.e a + V T ( U ,„)£ , 

(60) 

or 



V„V„£ - V„V„£ - V £uV £ - V T ( u ,v)£; = (C //?/ 7 ~ C / 7 / /3 ).w /3 .u 7 .e 

Ve T V e(3 $ ~ V C(3 V e ^ - V^e^ - V T(e7ie(3) £ = (£ Q //3 / 7 - C / 7 //?).e a 

(61) 

In a co-ordinate basis the contravariant torsion vector will have the form 



-a • 



T(£,u) = T kl = (r* fc - r kl ).t k .u l .di , (62) 
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r kl 1 = v\ k - r kl , T(d k , di) = r kl \di . (63) 

The Lie derivative £^u can be now written as 

£ s u = (£^).d t = («< .,U k - u k .C -, k - T kl \^.u l ).di , 

£ i u i =u i ; U k -u k .e; k -T kl \e.u l . [ ° > 

The connection between the covariant derivative and the Lie derivative of a 
contravariant tensor field can be found in an analogous way as in the case of a 
contravariant vector field. 

4.3 Lie derivative of covariant basic vector fields 

4.3.1 Lie derivative of covariant co-ordinate basic vector fields 

The commutation relations between the Lie differential operator £^ and the 
contraction operator S in the case of basic co-ordinate vector fields can be 
written in the form 



(65) 



(66) 



£ 6 o S(dx i <g> dj) =So £ t {dx i <g> dj) , 
£ 6 o S(e a ®e fJ ) = So £ i (e a ® ep) , 

where 

£toS(dx i ®d j ) = tf i j = f i j ,k4 k > 
S o £ ( (dx l <g> 9j) = S^tdx* <g) 9j) + S^dar* <g) £ c 9j) . 

By means of the non-degenerate inverse matrix (f l j)^ 1 — (fj l ) and the 
connections /' k .fj k = g l j , f k i.f k 3 ' = g\ , after multiplication of the equality 
for k l ;(£) with f m 3 and summation over j, the explicit form for k l is 
obtained in the form 

V M = fi l -Z k ,i-f k + fj l -f iM k • (67) 
For £d k dx % = k l j(d k ).dx 3 — k % j k .dx 3 it follows the corresponding form 

£ dk dx i = k l jk .dx 3 = fj l .p i ik .dx 3 , ^ 

k l jk — fj l.k ■ 

On the other hand, from the commutation relations between S and the 
covariant differential operator , the connection between the partial derivatives 
of /* j and the components of the contravariant and covariant connections Y and 
P follows in the form 

f l,k = P l mk -f m l+TTk-f m- (69) 

After substituting the last expression in the expressions for k l j (£) and for 
k l jk , the corresponding quantities are obtained in the forms 

k i m = fj l -z k ,uf k + (Pk + fj l .T? k -r m ).e , (70) 
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m i 



= [fj l .e ,.P k + {Pj k + U l - T ?k-f mH k }-dx j , (71) 



£d k dx l = k % -jk-dx 3 = 
= {P i jk + f j l T%.f m ).daP . 

If we introduce the abbreviations 



(72) 



€ ,3_ = f k£ ,l-fj 1 , T )k= fj '- r Ifc-/ 1 m , (73) 

then the Lie derivatives of covariant co-ordinate basic vector fields dx % along the 
contravariant vector fields £ and d k can be written in the forms 

£ t dx i = [C , 3 _ + (P] k + T]_ k H k ]-dx j , £e k dx* = (P) k + T] k ).dxi . (74) 

4.3.2 Lie derivative of covariant non-co-ordinate basic vector fields 

Analogous to the case of covariant co-ordinate basic vector fields the Lie deriva- 
tives of covariant non-co-ordinate basic vector fields can be obtained in the form 



(75) 



£ e , < e a = {Pfr + T% + C (Ll «) J , (76) 

where 

f im = r 7-r //s-ffi s = r a^-u s + r tC S „ & -c = 



ra £ S per £a 



(77) 



4.4 Lie derivatives of covariant tensor fields 

The action of the Lie differential operator on covariant vector and tensor fields 
is determined by its action on covariant basic vector fields and on the functions 
over M. 

In a co-ordinate basis the Lie derivative of a covariant vector field p along a 
contravariant vector field £ can be written in the forms 

£^p = £^(pi.dx l ) = (£^pi).dx l = 

= \Pi,U k + Pit 7 j + Pj.{P! k + rffcU*]-^ = (78) 



where 



e ;i = P U k ;l.fi 1 , Tj = p t.Tj.p ™ , 
T ki 3 = T 3 k - Y 3 ki , (in a co-ordinate basis). 



(79) 
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In a non-co-ordinate basis the Lie derivative £^p has the forms 

£ i p = £(;(p a .e a ) = (£zp a ).e a = _ 
{{e lPa + P^. P p).C + Pp.[ea^ + (rj, + C« 7 T) ).C]}-e a = (80) 
= (p a/0 4 + f ,a-Pf> + T^.pp.O.e" , 

where 

£ /a = /j-fa ^ i T^J^ — f a -T^g .f& a , (81) 

Tg 7 " = L"^ — — Cpj a , (in a non-co-ordinate basis). 

The action of the Lie differential operator on covariant tensor fields is deter- 
mined by its action on basic tensor fields. 
In a co-ordinate basis 

£ 6 W = £ 6 (W A .dx A ) = {£,W A ).dx A + W A .£ $ dx A = 
= (£ i W A ).dx A , W G ® fc (M) , 
£^dx B = -k m n {£).S Am Bn .dx A , £ i dx m = k m n {C)-dx n , ( 82 J 

£^dx B = [-e , t S Ak Bl ~ S Am B «.(P„7 + T§)4 l ].dx A . 
After introducing the abbreviations 

^Ak — —Sm B i .T l j k , P B k = —Sm Bj -Pjk 7 (83) 
£%W can be written in the form 



_ £ S W = {£ t W A ).dx A = 
- [S, k -W A >fc - e i-S Ak 31 -W B + (P B + f B Al ).W B ^].dx' 



(84) 



where 



£iW A = z k .w Alk -z k ,.s Ak m .w B + (P B +r B l ).w B .^ = 

= £ k .W A;k - S A - k Bl -.W B .(£ k a - T*.f ) = (85) 



= e-w A , k - s Ak m .w B .(e ,i - t§.?) , 

£ d .W A = W A ,j + +T%).W B l 
£ 9] dx B = -S Ai Bl .(Pi j+ Tl).dx A = {P%+T%).dx A . 



(86) 



The second Lie derivative of the components W A of the covariant tensor field 
W can be written in the form 

£ i £ u W A = S, k .(£uW A ). k - ,i_.S Ak Bl .£ u W B + {P A 3 l +f B Al ).(, l .£ u W B . (87) 

In a non-co-ordinate basis £(W has the form 

£ £ W = {£,W A ).e A + W B .(£^e B ) = (£^W A ).e A , (88) 
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where 



£*W A =f-epW A - S Aa B P.W B .e^+ (i% + + <?a 7 b ).Wb.£ 7 , 

rB c -S/3 t~>ck /^t B q BB s < ~a 

A'y ~ °Aa 1 i ^ — ^Aa -^Bj 7 

£ eg e B =~(P B +f B +C A0 B ).e A , 



efi c V A j3 ' A0 ^ 

£ efi W A = e p W A + (P* +f% + C A p b ).W b ■ 



(89) 

The second Lie derivative of Wa in a non-co-ordinate basis has the form 

£ i £ u W A = ^M£uW A )-S Aa Bf3 .{£ u W B ).epf+ (90) 
+ (Pf 7 +f % + C Al B ).C.£ U W B . 

The Lie derivatives of covariant basic tensor fields can be given in terms of 
the covariant derivatives of the components of the contravariant vector field £ 
and the torsion tensor 

£ S e B = [S Aa B ?.f ,p + P% T C+f A f.C].e A , (91) 

where f A B = S Aa B& = S A « B --T /}j a . 
£(Wa will then have the form 

£ t W A = e.W A/0 S m B ?.W B _(e /fj T^.C) = .... 
= (f.WA/p - S Aa B f>.W B .(e ,p_ T^.C) ■ 

The generalization of the Lie derivatives for mixed tensor fields is analogous 
to that for covariant derivatives of mixed tensor fields. 



4.5 Classification of linear transports with respect to the 
connections between contravariant and covariant affine 
connections 

By means of the Lie derivatives of covariant basis vector fields, a classification 
can be proposed for the connections between the components T % j k (Tp ) of the 
contravariant affine connection T and the components Pj fc (-Pg 7 ) of the covariant 
affine connection P. On this basis, linear transports (induced by the covariant 
differential operator or by connections) and draggings-along (induced by the Lie 
differential operator) can be considered as connected with each other through 
commutation relations of both operators with the contraction operator. 
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Type of dragging — along and transports 

P pot — 'pot p P 

£ dk dx l = T) k .dxi . 
Transport with arbitrary dragging- along 

£ e C Ary .C ~\~ Cfiry ,f?P ; 

£& k dx % = Ak-dx l . 
Transport with co-linear dragging- along 
£e i e a =C t< °.e? , 
£d k dx l = . 
Transport with invariant dragging-along 
Table 1. Relations between transport conditions and types of 

draging-along 

The classification of the relations between the affine connections is analogous 
to the classification proposed by Schouten ||^] and considered by Schmutzer J|(| . 

5 Curvature operator. Bianchi identities 

5.1 Curvature operator 

One of the well known operator constructed by means of the covariant and the 
Lie differential operators which has been used in the differential geometry of 
differentiable manifolds is the curvature operator. 

Definition 15 Curvature operator. The operator 

R{t u) = V ? V„ - V„V ? - V A „ = VJ - V Kllt] , £, u G T{M) , (93) 

is called curvature operator (or operator of the curvature). 

1. Action of the curvature operator on a function of a class C r (M), r > 2, 
over a manifold M 

[R^,u)]f = 0, feC r (M), r>2. 

2. [R(£,u)]fv = f.[R(£,u)]v, feC r (M), r > 2, v € T(M). 

3. Action of the curvature operator on a contravariant vector field 

[R(€,u)]v = V e V u t> - V u V ? u - V £iU v = 
= [(v S l S i h - v s h /p).uP.e + v s /a-Tp-f a .^.W].e s = (94) 
= [(v i . Jik -v i . k . d ).v?4 k + v i .j.T k t*.Z k .u l ].a i . 

In such a way, we can find for £ T(M) and Vu € T(M) the relation in a 
co-ordinate basis 

v l - Ml - v l , hk = - w*.iZ* jkl + v l -j.Tki i , (95) 
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where 

R l jH = r*- J)fc — r* fc j + rj ; l .r*„ fe — r^.r^ (96) 

are called components of the (contravariant) curvature tensor (Riemannian ten- 
sor) in a co-ordinate basis. 

4. Action of the curvature operator on contravariant tensor fields. 

For V = V A .e A = V B .d B , V e ® l (M) and the bases ca and d B the following 
relations can be proved using the properties of S A k 31 and T^: 

[R(Z,u)](f.V) = f.[R(Z,u)}V , (97) 

[R(£, u)]V = V A .[R(i, u)]e A = V B .[R(t, u))d B , (98) 

[R{d h di)]d A = R B Aji .d B = - S Ak Bl .R k , (99) 

where 

R B Aji = - S A k Bl .R h iji , S A k Bl ,i = , (100) 

R B Aji = F Ai j - ^ A j,i + ^Ai-^Cj ~ ^Aj-^Ci i (101) 

[R{£,u)]V = - S Bk Al .V B .R k lij .e.ui.d A . (102) 
On the other side, it follows from the explicit construction of [i?(£, u)]V 

[R(£,u)]V = (V A , id - V A + V A -k-Tji k ).u\e-d A , 
V A ^ - V A = - S Bk Al .V B .R k m - Tji k .V A , k , (103) 

W jt di)] - v T{d]A) ]v = (v A - v A . tj;i ).d A . 

5. The action of the curvature operator on covariant vector fields is deter- 
mined by its structure and by the action of the covariant differential operator 
on covariant tensor field. 

In a co-ordinate basis 

[R(S,u)]p = (V C V„ - V„V C - V £(U )p = p l .P l ikj 4 k .u j .dx i = 

= {pi, T M -Pi-,k;j + T kj l . Pi ,i).u j .i k .dx l , (104) 

[Rld^d^dx 1 = P l jkl .dxi , (105) 

where 

P l jkl = P) lM P) k , + P^PL P^-Ptnk = -P 1 ilk (106) 

are called components of the covariant curvature tensor in a co-ordinate basis. 
Special case: S = C : f j = g) : P] k + T) k = 0. 

P* jkt = -R' jk i . (107) 

In a non-co-ordinate basis: 

[R(Z,u)]p = p s .P 5 a01 .f.u\e a = 

= (Pa/j/0 - Pa/Ph + T P-y S -Pa/s)4 P -U f -e a , (108) 
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P a 8M = epPs" ~ <hPft + PS p .P^ P! T P^ - C M °.Pf a . (109) 

P a spi = —P a s 7 are called components of the covariant curvature tensor 
in a non-co-ordinate basis. 

For a covariant tensor field W = W A .dx A — Wc-e c <E ®k{M) we have the 
relation in a co-ordinate basis 

w A;i;j - w A;o , t = s Am /; ".u /,,/"" nij + 1 r ,:;./;, 1 , (no) 

and in a non-co-ordinate basis 

W A/0h - W Ah/fJ = S Aa m .W B .P a SP7 + W A/S .T M 5 . (Ill) 

5.2 Bianchi identities 

If we write down the cycle of the action of the curvature operator on contravari- 
ant vector fields, i. e. if we write 

< [R(£, u)]v > = [i?(£, u)}v + [R(v, 0}u + [R(u, v)}H , (112) 

and put the explicit form of every term in the cycle, then by the use of the covari- 
ant and the Lie differential operator, after some (not so difficult) calculations, 
we can find identities of the type written in the form 

[R(S,u)]v+[R(v,Z)]u+[R(u,v)]Z = 
= T(T{£, u), v) + T(T(v, 0, u) + T{T{u, v),Q+ (113) 
+ (V € T)(«,w)+ (V B T)K,u)+ (V„T)(«,0 , 

or in the form 

< [R(£,u)]v > = < T(T(£,u),v) > + < (V{T)(u,u) > . (114) 

The identities are called Bianchi identities of first type (or of the type 1), 
where 

< T(T(£, «),«)>= T(T(& u), v) + T(T(v, £), u) + T(T(u, v), £) , 
< (V i T)(u,v)>= (V ( T)(u,v)+ (V„T)(£,u)+ (V u T)(«,0 , 
V € [T(«, v)] = (V £ T) (u, v) + T(V£U, w) + T(u, V € w) . 

By the use of the curvature operator and the covariant differential operator 
a new operator (V w R)(^,u) can be constructed in the form 

(V w R)(ti,u) = [V w ,R(Z,u)]-R(V w li,u)-R(Z,V w u) , (115) 

where 

[V w , R{Z, u)} = V w o R(£, u) - R{t, u) o V w , T(M) . 

(V w R)(i;,u) has the structure 

(V w ii)(£, u) = V^V e V u - V„,V M V C + V U V C V^ - V C V M V 1U + 

+ V u V Vro c - V V ^V U + V VluM V c - V 5 V VlL ,n+ (116) 
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This operator obeys the s. c. Bianchi identity of second type (or of the type 

2-) 

<(V w R)(C,u)> = <R{w,T^,u))> , (117) 

where 

< (V w R)(C,u)>= (V w iJ)(e,«) + (V t ,iJ)(«J > + (V € i2)(«,to) , 
< R(w, T(£, «)) > = R(w, T(£, u)) + iJ(u, T(w, 0) + R(£, T(u, w)) . 

The Bianchi identity of type 2. can be written in a co-ordinate or in a non- 
co-ordinate basis as an identity of the components of the contravariant curvature 
tensor 

pi — pi rp n — pi rp n /-i -i o"\ 

j<kl;m> = -fl j<kn- 1 lm> — 11 jnKk- 1 lrn> > \ 110 ) 

where 



j<fc/;m> — ' ' jkl;m > jmk\l t jlm;k j 
pi 7^ n = pi 7^ n 1 pi rp n 1 pi 1 

j<kn' J -lm> — ^ ' jkn-^lm "r jmn-^kl T ^ jlr-^mk 

For the commutator 



(119) 



[V™, u)] = V w o u) - i?(£, u) o V™ 
the following commutation identity is valid: 

<[V w ,R{C,u)]>= - <R(w,£ i u)> , (120) 

where 



< [v., ij(e, «)] > = [v m , jj(e, «)] + [v„, i?( w , e)] + [v 6 w)] 

< R(w, £^u) > = R(w, £^u) + R(u, £ w £) + £ u w) . 



(121) 



The curvature operator and the Bianchi identities have been applied in dif- 
ferentiate manifolds with one affine connection. They can also find applications 
in considerations concerning the characteristics of differentiable manifolds with 
affine connections and metrics. The structure of the curvature operator induces 
a construction of an other operator called deviation operator. 

6 Deviation operator 

By means of the structure of the curvature operator, 

R{£, u) = V e V M - V„V e - V^„ = [V e , V„] - V KiU] , (122) 

the commutator [V TO , R(£, u)] [w, £,it G T{M)\ can be presented in the form 

[V W ,R(£, u)] = [V w , £T(£, u)] + [V w , [Vf, V„]] - [V w , [£ € , V«]] , (123) 
where 

£T(£, u) = £ S V U - V u £(. - V £? „ = [£ e , V„] - V tt , u] . (124) 

The operator iT(£,u) appears as a new operator, constructed by means of 
the Lie differential operator and the covariant differential operator pll] - p3]. 
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Definition 16 The operator £T{^,u) is called deviation operator. Its proper- 
ties contain the relations: 

1. Action of the deviation operator on a function / : [£F(£,u)]f = , / G 
C r (M), r > 2. 

2. Action of the deviation operator on a contravariant vector field: 
[iT(£, «)](/«) = f[£T(Z,u)]v ,£,u,ve T(M), 

[£T(£,u)]v = vP[£T(£,u)]e = v j [£T(£,u)]dj = u^v p [£T^, e 7 )]e = n J V[iT(f, dj)]di. 
The connections between the action of the deviation operator and that of 
the curvature operator on a contravariant vector field can be given in the form 



[£T(£, u)]v = [R(Z, u)]v + [V u V„ - Vv,«]C- 
-T({,V u v) + V u [T(Z,v)} . 



(125) 



In a co-ordinate basis [£T(£, di)]dk has the form 

[£r(t, = ie -mi - r 1 Hj-e + (T 3k '.eu-di = (^n ; ).^ , (126) 

where 

VajTfoflOl-TfoVa^) = {T u k 4), 3 .d k . 

£(F l kl is called Lie derivative of contravariant affine connection along the 
contravariant vector field £. It can be written also in the form 

£^h = c m + e.rii d - e ^ + ? , fc .rj, + e j.h, . (127) 

By means of ^rjy the expression for [£T(£, u)]v can be presented in the 
form 

[£r(£,u)}v = v k .u l .(£ i r i kl ).d i = 

= ic i fc! i.t» fc .u' - # uj.v k .u i .e + (T jk \e);i-v k .u i }A . 

In this way, the second covariant derivative V U V„£ of the contravariant 
vector field £ can be presented by means of the deviation operator in the form 

V„V„£ = ([R(u, £)]v) + V 6 V u v - £ i {V u v) - V„[T(f , «)]+ 

+[£T(£,u)]v= (129) 
= ([i2(tt,0]«) + V f V u «- V u £ e u- V £iU v-V u [T{Z,v)] . 

For u = u the last identity is called generalized deviation identity fl3l| . 
It is used for analysis of deviation equations in spaces with affine connection 
and metric (L„-spaces, [7 n -spaces and 1^-spaces), where deviation equations 
are considered with respect to their structure and solutions |35| - and as 
a theoretical ground for gravitational wave detectors in (pseudo) Riemannian 
spaces without torsion (T^-spaces) (40| - Q . Deviation equations of Synge and 
Schild and its generalization for (L n , g)-spaces are considered in [ p6| . 

2. Action of the deviation operator on contravariant tensor field 

[£T^, u)]V = u-r.V\[£r(Z, e 7 )]e A = v? .V B .(£ $ r£ y ).e A = 
= -(S Ba A P.V B .£^ r u^)e A , V G ® k {M) , 
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where 

p pi c A[3 p pa 

C B7 — °Ba . J-^l ^ , 

([£T(Z, u)]e B ) = {£ ( riJ.if.e A = (131) 
= S Ba Ap -[C if} h - R a 0-yS-Z 5 + {Ts f 3 a .f) h ].u^.e A . 

3. The deviation operator obeys identity analogous to the 1. type Bianchi 
identity for the curvature operator 



([£T(Z, u)]v) = <(V e V„ - V v ,» + (T(T(£, «),«)>- 
-(T(u,V 6 v)) ,Z,u,veT(M) , 



where 



([£T(Z, u)]v) = [£T(Z, u)}v + [£T(v, £)]« + [^r(«, , 
<(V ? V U - V v? „)f) = (V C V M - V VtU )v + (V„V € - Vv„c)«- 
+(V U V„ - V v „„)£ , 
(T(«, V^)) = T(u, V c v) + T(v, V„£) + T(£, V„«) . 

In a non-co-ordinate basis this identity obtains the form 

(£^ aP ).v a .uP + {£ u Tl fj ).C.vP + (f„ry. U «.^ = 

= C / a /0.v a .uP + u-i /a/p .c .vP + v-i /a/f3 .u a .e+ 



(132) 



(133) 



(134) 



The commutator of the covariant differential operator and the deviation 
operator obeys the following identity 

(\y w , £T(£, «)]) = <[V W , [£ e , VJ]) - (R(w, £ iU )) , (135) 

where 

([v w , -cr(£, «)]) = [v,,,, £r(e, «)] + [v„, £T(v, 0] + [v € , i?r(«, «)], 

([V™, [£ t , V„]]> = [V w , V„]] + [V„, [£ w , V c ]] + [V 6 [A, V w ]] , 
(R(w, £(u)) = R(w, £^u) + R(u, £ w £) + R(£, £ u w) , 
£,u,wE T(M). 

4. The action of the deviation operator on covariant vector fields is deter- 
mined by its structure and especially by the Lie differential operator. 
In a non-co-ordinate basis 

[£r(^e. ( )]e a = £ s V e ,e a - V e ^£ t e a - V £ ^e a = (£^1%).^ , (136) 

where 

£^ = + Pft.egf + P s a T (P s 0p + 1%, + C ip - 

-e 7 (e £ n - <h[(P$ p + T% + Cp p ").e] 
+ (Psp + T l + Ctp*).?] + 
+Pfr-(<h?-C (n s 4 p ), (137) 
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e^ S = U a -e«C-f « , T$ p = f 5 K .fp CT .r^ p . (138) 
The expression for £^P 01 can also be written in the form 

£^P^y is called Lie derivative of the components Pp of the covariant affine 
connection P in a non-co-ordinate basis. 

Special case: S = e* .C : f a = e*.g<$, P, = eT.g), fi j = e^.gf. 

£ i P i jk = -P i j kU l -C;j;k+T jl i 4, k +T jl i , k .^ . (140) 

The Lie derivative of the components of the covariant affine connection P 
could be used in considerations related to deviation equations for covariant 
vector fields. 

7 Extended covariant differential operator. Ex- 
tended derivative 

If Tj k are components of a contravariant affine connection T and P % - k are com- 
ponents of a covariant affine connection P in a given (here co-ordinate) basis in 
a (L n ,5)-space, then T l jk and P l jk 

"pi _ pi _Ti "pi _ pi _R» ., 

1 jk — 1 jk ^_ jkj_ r jk — r jk D ]k ■>_ 

A = A i jk-di <8> dx 3 ® dx k , B = B l lk .d t ®dx 3 ®dx k , A , B E & 1 2 (M) , 

are components (in the same basis) of a new contravariant affine connection T 
and a new covariant affine connection P respectively. 

T and P correspond to a new [extended with respect to V„, a 6 T(M)] 
covariant differential operator e \7 u 

e V dk d 3 = r^.d, , e V e? e Q = r^3.e 7 , 

e V dk dx* = P) k .dx 3 , e V e7 e« = P^.e? , 

with the same properties as the covariant differential operator V u . 

If we choose the tensors A and B with certain predefined properties, then 
we can find V and P with predetermined characteristics. For instance, we can 
find P for which e V u g = 0, Vit G T(M), g G <g> 2 (M), although V u g ^ for the 
covariant affine connection P. On the other side, A 1 j k and B 1 j k are related to 
each other on the basis of the commutation relations of e V M and V M with the 
contraction operator S. From 

V„oS = SoV u , e V„oS = 5o e V u , 

we have 

(S o e V dk M ® dx*) = T\ k .f t -A l jk .f , + P\ k .f s - W lk .f j , 
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( e Va k oSV(d j ®dx i )='V dk (S(d j ®dx i ))= B V 0k (f i j ) = d k (f i j ) = f i jtk . 
Therefore, 

P j.k = Fjk-Pi - A 1 jk-P i +P\k-f o - B l ik-f j ■ 

Since (Va fe o S)(dj (g) dx l ) = (So Vd k ){dj dx 4 ) leads to the relation /* j. k = 
^\k-P i + P\k-f l h we obtain the connection between A 1 j k and B % j k in the 
form A 1 jk.ft+BUk-f 1 j=Q- 

Therefore, B 1 jk = - A 1 mk J 1 , .f 3 m = - A 1 3 _ k and A i jk = - B m lk .f 3 .f m 

We can write e Vg fc in the form e Vg fc = Vg fc — Ag k with = A % jk .di ® 
</.r'. 

e V M can also be written in the form e V u = V M — A M with A u = A 1 j k .u k .di® 
dxK_ 

A u appears as a mixed tensor field of second rank but acting on tensor fields 
as a covariant differential operator because e V M is defined as covariant differ- 
ential operator with the same properties as the covariant differential operator 
V„. 

Definition 17 Extended to V u covariant differential operator. The linear dip 
prential operator e V„ : v — > e \7 u v = v, v,v G ® k i{M), with the properties of 
V„. 

From the properties of e V u and V u the properties of the operator A u follow 
A u :v^A u v, u G T(M) , 6 « fc ,(M) . 

(a) A^v + u;) + , G ® k i{M). 

(b) A„ (/.«) = f.A u v ,_f EC r (M) . 

(c) + = + A„io. 

(d) A //u -y = 

(e) = 0. 

(f) A u (w<8>u;) = A„v<g)w + w<g> , v G ®S(M), w G <g) m r (M). 

(g) A u o S = S o A u (commutation relation with the contraction operator 

S). 

All properties of A u correspond to the properties of e V u and V„ as well 
defined covariant differential operators. In fact, A u can be defined as A u = 
e V„. If A u is a given mixed tensor field, then e V u can be constructed in 
an unique way. 

On the grounds of the above considerations we can formulate the following 
proposition: 

Proposition 18 To every covariant differential operator V u and a given tensor 
field A u G ® 1 i(M) acting as a covariant differential operator on tensor field in 
a (L n ,g)-space corresponds an extended covariant differential operator e V u = 
V ' u A u . 
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In accordance to its property (c): A u+ v = A u + A v , A u has to be linear to u. 
On the other side, A u as a mixed tensor field of second rank can be represented 
by the use of the existing in (L n , g)-space contravariant and covariant metrics ~g 
and g respectively in the form A u = g(A u ), where A u is a covariant tensor field 
of second rank constructed by the use of a tensor field C and a contravariant 
vector field u in such a way that A u is linear to u. There are at least three 
possibilities for construction of a covariant tensor field of second rank A u in 
such a way that A u is linear to u, i. e. A u — C{u) = Cij{u).dx l dx 3 with 

1. A u = C(u) = A(u) = A i .-^.u k .dx % <8> dx 3 , A = A ijk .dx l ® dx 3 <S> dx k e 
(g> 3 (M), u G T(M). 

2. A u = C(u) = V U B = B ir . k .u k .dx i <E> dx 3 , B = B ir dx l ® dx 3 G ® 2 (M), 
ueT(M). 

3. A u = C(u) = A{u) + V U B, A(u) = A i ^.u k .dx i ® dx 3 , A = A l]k .dx l ® 

dx 3 ®dx k G ® 3 (M), u e T(M); \7 U B = B tr , k .u k .dx l ®dx 3 , B = B^.dx^dx 3 G 
® 2 (M), u G T(M). 

An extended covariant differential operator e V M = V u — A u can obey addi- 
tional conditions determining the structure of the mixed tensor field A u (acting 
on tensor fields as a covariant differential operator). One can impose given con- 
ditions on e V„ leading to determined properties of A u and vice versa: one can 
impose conditions on the tensor field A u leading to determined properties of 

v u- 

Every extended covariant differential operator as well as every covariant 
differential operator have their special type of transports of covariant vector 
fields. 

8 Metrics 

The notion contraction operator has been introduced, acting on two vectors 
belonging to two different vector spaces with equal dimensions in a point of a 
differentiable manifold M and juxtaposing to them a function over M. If a 
contraction operator is acting on two vectors belonging to one and the same 
vector space, then this operator is connected with the notion metric. 

Definition 19 Metric. Contraction operator S acting on two vectors of one 
and the same vector space and mapping them to an element of the field F (R 
orC). 

Definition 20 Metric over a differentiable manifold M. Contraction operator 
S, acting on two vector fields which vectors in every given point x G M belong 
to one and the same vector space, i.e. S : {u,v) — > S(u,v) G C r (M), u x ,v x G 
N X (M). 

8.1 Covariant metric 
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Definition 21 Covariant metric. Contraction operator S , acting on two con- 
travariant vector fields over a manifold M, which action is identified with the 
action of a covariant symmetric tensor field of rank two on the two vector fields, 
i.e. 

S(u, v) = g(u, v) := S(g, q) = S(g, u <g> v) = S(g ®(u®v)), q — u®v. (141) 

The tensor g = g a p.e a .eP = gij.dx 1 .dx J is called covariant metric tensor field 
(covariant metric) and g(x) = g x G ®2/x{M) is called covariant metric tensor 
(covariant metric) at a point x € M. 

(a) Action of the covariant metric on two contravariant vector fields in a 
co-ordinate basis 

g{u,v) = g u -f k i-f l j-u i .v j = gjjU\v j = g k i-u k .v l = m.v 1 = u-j.v j , 

9i] = f k i-f l j-9ki, u* = f k i.u\ (142) 
u l = 9ij- ui ' Ul = ga - uk = g kV v,k ■ 

Remark 4 g(u,v) is also called scalar product of the contravariant vector fields 
u and v over the manifold M. When v = u, then 

g(u, u) = g-- r u a .u p = g afj .u a .u p = u-^.u" = u a .u a = (143) 

:=u 2 = ±\u\ 2 :=±ll , (144) 

and g(u,u) = u 2 = ± l\ is called the square of the length of the contravariant 
vector field u. 

(b) The action of the covariant metric on a contravariant vector field u can 
be introduced by means of the contraction operator S in a co-ordinate basis as 

g(u) := S j k(g,u) = S j k {g ir dx l .dx 3 ,u k .d k ) = 
= g i;j .u k .S j kidx* .dx J , d k ) = g iv u k .f j k .dx l = (145) 
= g i% .u k .dx l = g ij .u j .dx i = u(g) , g^ = g^.f? k . 

Remark 5 The abbreviation u(g) is equivalent to the abbreviation (u)(g) := 
S(u,g). It should not be considered as the result of the action of the contravari- 
ant vector field u on g. Such action of u on g is (until now) not defined. 

The action of the covariant metric g on a contravariant vector field u con- 
sidered in index form (in a given basis) is called lowering indices by means 
of g. The result of the action of g on u 6 T(M) is a covariant vector field 
g(u) £ T*(M). On this ground, g can be defined as linear mapping (operator) 
which maps every element of T(M) in a corresponding element of T*(M), i.e. 
g : u -> g{u) G T*(M), u G T(M). 
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8.1.1 Covariant symmetric affine connection 

In a non-co-ordinate basis the covariant affine connection P will have the form 

Plf> = Plf> + \-U a ? , (146) 



where 

' 1 ' ~ ' " ; " ' ,; " ' " ' ' (147) 



P lp ~ U P 2p + P (3a + C afi 7 ) > 
= PL ~ PL ~ C'a T = -U a 7 



'a(3 - r af3 - r f3a ~ °"/3 — ~ u p a ■ 

The components of the covariant derivative of covariant metric tensor field 
g can be presented by means of the covariant symmetric affine connection. If 

9aP\~l — ^9ap + P aT gsp + Pp T g a s (148) 

is the covariant derivative of the components g a p of the covariant metric tensor g 
with respect to the covariant symmetric affine connection P in a non-co-ordinate 
basis, then 

1 s s 
+ ^(U ai °.gs fl + U 01 o .g a s) . (149) 

On the other side, the components of the covariant symmetric affine connec- 
tion P a[j can be written in the form 

9s~/-P a p = -{a/3,7} + K aPl + C a p 1 + \{gg a .U fj ^ + gsp-U a j) = (150) 

= -{ a flil} + Cap^ + \ {g al -p + gp T ,a - 9aP;j) , 

where 

{a/3,7} = ^{eagpy + epg al - e 7 g af3 ) , 
K a p 7 = 5(507/ p + 9 'Pi /a - 9aPh) , (151) 
C a pj = ^{gsa-Cp 7 s + gsp-C ai 5 + gs^-C a p s ) . 

By means of the last expressions Pj^ can be represented in the form 
98j-P a p 

-{a/3, 7} + K al3j + Uap^ + C a pj , (152) 

where 



U a p- ( = ^(gsa-U^ + 9sp.Ui 7 + gs 7 -U s afj ) . (153) 



1 

2 ( 

In the special case, when the condition g a p:y = is required, then the 
following proposition can be proved: 



Proposition 22 The necessary and sufficient condition for g a p-j = is the 
condition 

gs~ / .P s a p = -{a/3,7} + C a0J . (154) 
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The proof follows imediately from (150) 



In a co-ordinate basis the covariant derivative of the components gij of g can 
in analogous way be presented by means of the components P^ k of the covariant 
symmetric afhne connection 

gij-,k = 9ij,k +P\ k -9ij + Pj k -9il + Wlk-9i 3 + U] k .g u ) = 
= 9ij/k + Wlk-9ij + U l jk .g a ) , 

where 

9ij/k = 9ij,k + P l ik -gij + P l j k .gu ■ (156) 

8.1.2 Action of the Lie differential operator on the covariant metric 

In a co-ordinate basis £^g will take the form 

£^g = (£ ^gij) -dx 1 .dx 1 = 
= [g^k-i k + 9k 3 .e - d + g lk .e al + (gkj.T^ + g lk .T^)4].dx\dx= . (157) 

The following relations are also fulfilled: 

£dg( u > v )} = £[9(u, v)] = (£^g)(u, v) + g{£^u, v) + g{u, £gu) , , , 
£ 6 \g(u)] = {£ 6 g)(u)+g{£ 6 u), £,u,veT(M). (L0!S> 

The action of the Lie differential operator is called dragging- along a con- 
travariant vector field. On the basis of draggings-along the metric tensor field g 
notions as arbitrary (non-metric) draggings-along, quasi-projective draggings- 
along, conformal motions and motions can be defined and considered in anal- 
ogous way as in (L„, g)-spaces. Here we will only define different types of 
draggings-along. 

1. Arbitrary (non-metric) draggings-along 

£ig = ?« , V£ G T(M) , qt e ® S j, m2 (M) , 



2. Quasi-projective draggings-along 

£$g = \\p® .9(0 + g(0 ® p] , £ e T[M) , P e t*(m) . 

3. Conform- invariant draggings-along (conformal motions) 

£ i9 = X.g, \&C r (M), £ G T(M) . 

4- Isometric draggings-along (motions) 

= , C e T( M ) . 

For all types of draggings-along changes of the scalar product of two con- 
travariant vector fields and the changes of the length of these fields can be found 
and used in the analogous way as in (L n , (^-spaces. 
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8.2 Covariant projective metric 

If a covariant metric field g is given and there exists a contravariant vector 
field u which square of the length g(u, u) = e ^ 0, then a new covariant tensor 
field can be constructed orthogonal to the vector field u. It possesses properties 
analogous to these of the covariant tensor field g acting on contravariant vector 
fields in every orthogonal to u(x) = u x G T X (M) subspace T x Lu (M) in T X (M), 
where (T^"(M) = {£J : g x (t x ,u x ) = 0), g x G ® sym2/x (M). 

Definition 23 Covariant projective metric. Covariant metric, orthogonal to 
a given non-isotropic (non-null) vector field u [e = g(u,u) ^ 0/, i.e. covariant 
metric h u satisfying the condition h u (u) = u{h u ) = and constructed by means 
of the covariant metric g and u in the form 

K = g — 7-^—;-g{u) ® g{u) = g - --g(u) ® g(u) . (159) 
g(u,u) e 

The properties of the covariant projective metric follow from its construction 
and from the properties of the covariant metric g: 

(a) h u (u) = u(h u ) = 0, [g(u)](u) = g{u,u) = e. 

(b) h u (u,u) = 0. 

(c) h u {u,v) = h u {v,u) = , Vv G T(M). 

8.3 Contravariant metric 

Definition 24 Contravariant metric. Contraction operator S, acting on two 
covariant vector fields over a manifold M which action is identified with the 
action of a contravariant symmetric tensor field of rank two on the two vector 
fields, i.e. 

S(p,q) =g{p,q) ■= S(g,w) := S(g,p®q) = S \g <8> (p <g> q)) , w=p®q , 

The tensor field g — g al3 .e a .efj — g l Kdi.dj is called contravariant metric 
tensor field ( contravariant metric ). g(x) = g x G ®^ (M) is called contravariant 
metric tensor in i e M. 

The properties of the contravariant metric are determined by the properties 
of the contraction operator and its identification with the contravariant sym- 
metric tensor field of rank 2. On this basis the following properties can be 
proved: 

(a) Action of the contravariant metric on two covariant vector fields in a 
co-ordinate basis 

g(p, q) = g kl -P k-P i-Pi-qj = g iJ -Pi-q 3 = g kl -Pk-9i = p^-ij = Pk-q k , 
Pk = P k-Pi , qj = P i-qj , p 3 = g Jl -Pi ■ 

[When q = p, then g(p,p) = p 2 = ± | p \ 2 is called square of the length of 
the covariant vector field p.] 
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(b) Action of the contravariant metric g on covariant vector field 

V(p) = p(V) = 9 lJ -Pk-.f k jA = g ij .pj.di = g lk .p k A = p l A , 
9 th = 9 il -f k i , P l = 9' lJ -Pj = 9 ij -Pj , 

The action of the contravariant metric ~g on covariant vector field p in a 
given basis is called raising of indices by means of the contravariant metric. 
The result of this action is a contravariant vector field g(p) . On this basis g can 
be defined as a linear mapping (operator) which maps an element of T*(M) in 
an element of T(M): 

g:p^g(p)eT(M) ,peT*(M) . 

The connection between the contravariant and covariant metric can be de- 
termined by the conditions 

g[g(u)] =u, u £ T(M) , g[g{p)] =p, p e T*(M) . (160) 

In a co-ordinate basis these conditions take the forms: 

9 ij -9 Tk =9l,9i j -9 lk ~ = 9* ■ (161) 
From the last expressions the relation follows 

9[g] = 9t]9 t3 = n , 9[9] = g n '-gij = n , dimM = n . (162) 

8.3.1 Contravariant symmetric affine connection 

From the transformation properties of the components of the contravariant affinc 
connection, it follows that the quantity 

^(r^ + r^-c^or^r* +r^) 

has the same transformation properties as the contravariant affine connection 
itself. This fact can be used as usual for representing the contravariant affinc 
connection by means of its symmetric and anti-symmetric part in the form 

pk p k k p k 1_ (pk _i_ pk \ rp k _ pk pk 

ij 2 ij ' ij 2 v ij ji' ' ij ji ij 1 

(in a co-ordinate basis) , 

r I/3 = r I/3 _ h T a/3 J ' r Z/3 = 5( r I/3 + T }a ~ C <*& 7 ) , (163) 

rp l pi _ pi _ r< 7 

± afi — 1 Pa 1 a/3 i 

(in a non-co-ordinate basis) . 

Fjj (rI/3) are called components of the contravariant symmetric affine con- 
nection in a co-ordinate (respectively in a non-co-ordinate) basis. 
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The components of the covariant derivative of the contravariant metric ten- 
sor field g can be represented by means of the contravariant symmetric affine 
connection. If we introduce the abbreviations 

g a ? ;7 = e l9 a P + TJ r gW + T P Sr g aS (in a non-co-ordinate basis) , 
9 n Ik = 9 lj ,k + ^lk-9 l1 + ^ik-9 l1 ( m a co-ordinate basis) , 

where g af} ;7 is the covariant derivative of the components of the contravariant 
metric tensor ~g with respect to the contravariant symmetric affine connection T 
in a non-co-ordinate basis, then 

9 aP h = 9 aP ; 7 - \{T Sl a .g 50 + T s /.g aS ) . (165) 

By means of the explicit expression for g al} j K .g K1 and the usual method for 
expressing the components of the symmetric affine connection the components 
of the contravariant symmetric affine connection can be represented in the form 

9 aS -9 f3K -Tj K = K a ^ - - C a ^ - ^ s (g^T K5 a + g aK T K f) , (166) 

where 

l a/3 ' 7 } = \{9 aK -e K gP~t +gP\e K g a ~< -g^.e K g a P) , 
K a ^ = i( 5 Q7 /K-gf" + g^ /K -g aK - g ap jK .g^) , (167) 
C a ^i = \{g^-g t3K -C KS a + g-< s .g aK .C KS ? + g aS .gf>" .C 5k t) . 

{a/3,7} are called Christoffel symbols of the first kind for the contravariant 
symmetric affine connection in a non-co-ordinate basis. 

The components T^g of the contravariant affine connection T can be written 
by means of the last abbreviations in the form 

g aS .g pK r< K = -r^} + K aSil - T a ^ - C a01 , (168) 

where 

T aM = ^ s .gP".T KS a + g^ 5 .g aK .Tj + g aS .g^.T^) . (169) 

By using the connections between the components of the covariant metric, 
the components of the contravariant metric and their derivatives 

9a0-9^ J = 3Z i 9-5$- e K,9 Sl — ~g Sl -e K (g—-g) , nvrw 
a-- a"> 6 i = -a 7 " 5 a-- ( ' 

the components of the contravariant affine connection T can be represented in 
a non-co-ordinate basis in the form 

K(3 = Hp) ~ K a f -S a ^- C aP 7 , (171) 
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where 



Hp! = b lS [ep{9m) + e ^.9js) ~ e <s(^)] =_ 
_= -9*p-9fK-{ Pa ' J h 1 = -g^.g^.RP^ , (172) 

lap} are called generalized Christoffel symbols of the second kind for the 
contravariant symmetric affine connection in a non-co-ordinate basis. 

In analogous way, when a contravariant and covariant metric fields are given, 
the covariant affine connection can be presented by means of the both types of 
tensor metric fields in the form 

PZp = "CI + K ati i + lUfj 7 + <2 a/3 i , (173) 

where 

Q> = 9 ia _{af3, 7} , K ap i = g^_K aPa , 

U^^g^-Uapa , Q afl ~< = g*'.C a ft a . 

are called generalized Christoffel symbols of the second kind for the 
covariant symmetric affine connection in a non-co-ordinate basis. 

The same expressions can be obtained also in a co-ordinate basis. 

For the special case, when the condition of vanishing of the covariant deriva- 
tives of the contravariant metric with respect to the contravariant symmetric 
affine connection is required, i.e. g af} ;7 = 0, then the components of the 
contravariant symmetric affine connection can be written in the form T a/3 = 

V a0 }-c a ^. 

The last expression is the necessary and sufficient condition for g a @ ;7 = 0. 
In a co-ordinate basis the necessary and sufficient condition for g^ / k = takes 

the formFy = {*.}. 

On the basis of the connection between the covariant derivative of the con- 
travariant tensor metric field and the covariant derivative of the covariant tensor 
metric field 

v cff - -g{^(g)g , (V^) [<?(«)] = -g[(V 6 g)(u)\ , V£,V U e T(M) , 
v C 5 = -g(Vtg)g, (Vtg)[g(p)} = -«/[(V^)(p)] , 

V£ G T(M), VpeT*(M), 

one can prove that there is one-to-one correspondence between the transports 
of g and g. Every transport of the covariant tensor metric field g induces a 
corresponding transport of the contravariant tensor metric field g and vice versa. 

8.4 Contravariant projective metric 

The notion of contravariant projective metric with respect to a non-isotropic 
(non-null) contravariant vector field u can be introduced in two different ways: 
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(a) by definition 

h u = g — ^ — -.u ®u=g— -.u®u , e = g(u, u) ^ , (175) 

g(u,u) e 

(b) by inducing from the covariant projective metric using the relations 
between the covariant and contravariant metric 

h u = g(h u )g = g - -.u<E>u , g(g)g = g , g(g(u) <g> g{u))g = u <g> u . (176) 

h u is called contravariant projective metric with respect to the non-isotropic 
contravariant vector field u. 

The properties of the contravariant projective metric are determined by its 
structure. 

9 Bianchi identities for the covariant curvature 
tensor 

9.1 Bianchi identity of first type for the covariant curva- 
ture tensor 

The existence of contravariant and covariant metrics allow us to consider the 
action of the curvature operator on a covariant vector field g(v) — g a p.v^ .e a — 
gij .yi Ax 1 , constructed by the use of the covariant metric g and a contravariant 
vector field v. 
The identity 

< g{m^)]g){v)}> = <g{[R^u)][g{v)]) > - < [R(£,u)]v >= 

= < g([R(tu)]lg(v)]) > - < T(T(£,u),v) >-< (V € T)(ti,w) > (177) 

is called Bianchi identity of first type (of the type 1.) for the covariant curvature 
tensor. 

In a co-ordinate basis the Bianchi identity of first type will have the forms 

P l <ijk> = —g mn .R l m <ij-gk>n 7 (178) 
R l <ijk> = —g lm -gmn-P n <~ijk> = ^<ij ' -k> + T<ij m .T m k> ' • (179) 

It is obvious that the form of the Bianchi identity of first type for the com- 
ponents of the covariant curvature tensor is not so simple as the form of the 
Bianchi identity for the components of the contravariant curvature tensor. 

9.2 Bianchi identity of second type for the covariant cur- 
vature tensor 

The action of the operator (V W R)(^, u) can be extended to an action on covari- 
ant vector and tensor fields in an analogous way as in the case of contravariant 
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vector and tensor fields. By the use of the relation 

V w {[R(£,u)}p} = [(V w R)(£,u)}p+[R(V w Z,u)]p + 

+ [R(£,V w u)]p+[R(Z,u)](V w p) , w,£,ueT(M) ,peT*(M) , (180) 
we can find the identity 

< (\7 w R)(£,u) >p = < R(w,T(£,u)) > p , (181) 

where 

< {V w R)(C,u)>p= [(V w R)(Z,u)]p+ [(V u R)(w,Z)]p+ [(VcJJ)(«,«;)]p , 

< R(w, T(t u))>p= [R(w, T(£, u))]p + [R(u, T{w, t))]p + 

+ [R(Z,T(u,w))]p . (182) 



The identity (181) is called Bianchi identity of second type (of type 2.) for 
the covariant curvature tensor. 

The Bianchi identity of second type will have the form in a co-ordinate basis 

Pi pi i pi i r>i — 

j<kl;m> ~~ ' jkhrn 1 ' jmk;l i ' jlm\k — 

— P j <kn -Pl7n> — P jkn-Plm ~h P jmn-Pkl H - P jlr •Trrik^&ty 

10 Invariant volume element 
10.1 Definition and properties 

The notion of volume element of a manifold M can be generalized to the notion 
of invariant volume element |l4j . 

Definition 25 The volume element of a manifold M (dim M = n) 

ol( n ) x — S- n 'x — dx 1 A ... A dx 11 (in a co-ordinate basis), 
dV n = e 1 A ... Ae n (in a non- co- ordinate basis). 



The properties of the volume element could be represented as follows: 

(184) 



dV n = h-£A.u A = ^-eA-e A , dV t [ = J-\dV n , 



where J = det(A a , a ) = det(cV / 'dx 1 ') , dV,[ = e 1 ' A ...e n \ e A = e n ... tn , u A = 
dx 11 A ... A dx 1 ™, ea is the Levi-Civita symbol fUjl , 

Ea>.UJ A = J~ 1 .Ea-U A , ea-lo a = J.SA'-tO A , 
EA'-dx A = J -1 .SA-dx A , EA-dx A = J.EA'-dx A , 

d^x = ^.e A -^ A = J.^.£ A >-u A ' = ±.J.£ A >.dx A ' ■ 

The transformation properties of the volume clement are corresponding to 
these of a tensor density of the weight u> = — h . Therefore, for the construction 
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of an invariant volume element (keeping its form and independent of the choice 
of a full anti-symmetric tensor basis) it is necessary the volume element to be 
multiplied with a tensor density with the weight u> = | and rank 0. Since the 
covariant metric tensor field is connected with the basic characteristics of con- 
travariant (and covariant) vector fields and determines along with them notions 
(such as length of a contravariant vector, cosine of the angle between two con- 
travariant vectors) which in the Euclidean geometry are related to the notion 
volume element, the covariant metric tensor density Q g with a weight u) = h 
and rank (Q g =\ d g |s) appears as a suitable multiplier to a volume element 

a 

Definition 26 The invariant volume element dui of a manifold M (dimM = 
n). 

duj = y/=d a .dP>x := ^.e A .u A , ZJ A = ypd g . uj a , d g < , 
(invariant volume element in a co-ordinate basis), 
duj = yj — dg.dV n , dg < , 

(invariant volume element in a non- co-ordinate basis). 

From the transformation properties of y/—d g : »/— d' g = ±J.y/—d g the in- 
variance of the invariant volume element follows: dui' — ±duj, where 




in a co-ordinate basis), 

a non-co-ordinate basis). (185) 



Remark 6 The sign (— ) in ±duj can be omitted because of the identical config- 
uration (order, orientation) of the basic vector fields in the old and in the new 
tensor basis. 

From the definition of the invariant volume element the relations connected 
with its structure follow: 

dui' = —r . \ I — d'.SA' .uj A ' = —,.J-d Q .E A -dLu A = dui . (186) 
n\ V 9 n\ 

10.2 Action of the covariant differential operator on an 
invariant volume element 

The action of the covariant differential operator on an invariant volume element 
is determined by its action on the elements of the construction of the invariant 
volume clement (the Levi-Civita symbols, the full anti-symmetric tensor basis, 
the metric tensor density). From dw = -^j.Ea-uj A and V^(du>), it follows 

Vt(dcj) = V^.(e A .ZJ A )} = ^1&a).uJ a + e A .V c uJ A } . (187) 
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V^(duj) can be written in the form 

V£(dw) - \. g[V 6 g].^.s A .u; A = ^.g[V s g}.cLj . (188) 

V^(duj) is called covariant derivative of the invariant volume element du) 
along the contravariant vector field £. 

10.3 Action of the Lie differential operator on an invariant 
volume element 

The action of the Lie differential operator on an invariant volume element is 
determined in analogous way as the action of the covariant differential operator 

£t{du) = ^.£&a.uj A ) = ±Me A ).uJ A +e A .£& A ] = 

= ±.£ A .£ 5 U A . 

After some computation, it follows for £^{duS) 

£d duj ) = 7j-£A^-g[£tg]-u A = \.g[£^g].^.e A .W A , 

(190) 

£ t {duj) = \.g[£^g].duj . 

£^{dw) is called Lie derivative of the invariant volume element dcu along the 
contravariant vector field £. 

Special case: Metric transports (V^.g = 0) : V^dui) = 0. 

Special case: Isometric draggings along (motions) {£^g = 0) : £^(dui) = 0. 



In some cases, when the conservation of the volume is required as an ad- 
ditional condition, one can introduce a new covariant differential operator or 
a new Lie differential operator which do not change the invariant volume ele- 
ment, i. c. they act on du) in an analogous way as and £^ act on constant 
functions. 

10.4 Covariant differential operator preserving the invari- 
ant volume element 

The variation of the invariant volume element cLo under the action of the co- 
variant differential operator 

V c (dw) = ^.g[V ig ].dLo 

allows the introduction of a new covariant differential operator preserving 
by its action the invariant volume element. 
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Definition 27 "Vj is a covariant differential operator preserving the invariant 
volume element duj along a contravariant vector field £ 

"V* = V* - ^[Vfff] . 

The properties of u are determined by the properties of the covariant dif- 
ferential operator and the existence of a covariant metric tensor field g connected 
with its contravariant metric tensor field ~g: 

(a) Action on an invariant volume element duj: 

"V^du) = , (191) 



It follows from the definition of "V^ and (188). 
(b) Action on a contravariant basic vector field: 



U, = (rf. - \.g lm .g lm , r g\).d k . (192) 



(c) Action on a covariant basic vector field: 



J V dj dx* = (i% - \.g' lm .g lm ; J .gl).dx k . (Hi:-!) 



(d) Action on a function / over M 

u ^if = U-\-9[^i9].f, feC r (M),r>l. (194) 
If we introduce the abbreviations 

Qp = g\^e,g] = g^-g 7 s/i3 , Q 3 = vN^g] = g^-gu,, , (195) 

Q = Q/3-e p = Qj.dx j , (196) 

^Ip = - \-gl-Q0 , u p* p = p"p ~ l-g^Qp , (isr) 

Qc = 5[V ? .g] = Qp.f = Qi£ - 2. C S , (198) 



then U V^, (192), and ( |193| ) can be written in the form 

W V S = V C - i.Q 4 , (199) 

"V e/3 e Q = T^.a, , w V«,ft = Tfc.ft , (200) 
"V e/J e Q = u F;.^ , "V d] dx l = J l'! r d.r' . (201) 

are called components of the contravariant affine connection pre- 
serving the invariant volume element dm in a non-co-ordinate basis, ^ P^p are 



called components of the covariant affine connection preserving the invari- 
ant volume element dio in a non-co-ordinate basis. 
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Since "T^ and "P^p differ from and P^p respectively with the compo- 
nents of a mixed tensor field ^.g^.Qp of rank 3, T and U P will have the same 
transformation properties as the affine connections T and P respectively. 

The action of "V^ on a contravariant vector field u can be written in the 
form 

w V c w = Vtu--.Qt.u . (202) 

If u is considered as a tangential vector field to a curve x 1 (t), i. e. 

d dr 1 
u= — =u a .e a =u\di , u l = —, (203) 
dr dr 

f ] T i 

u a = A t a .u l = A a .— , e a = A a k .d k , A i a .A ol k =g k , (204) 

and the parameter r is considered as a function of another parameter A [with 
one to one (injective) mapping between r and A], i. e. 

r = r(A) , A = A(r) , (205) 

u = — = — — = — v v= — (206) 
c?t dr dX dr ' dA ' 

then "V^ti can be represented by means of the vector field v and V^v in the 
form 

, , dX , , r ^ , dX . 1 „ c?A , 

«V^=-.V,t, + K(-)--.0,.-].t,. (207) 

If an additional condition for a relation between A and r is given in the form 

M ,dX. 1 dX „ ,„„„s 
^-2^= ' (2 ° 8) 

then for an arbitrary vector field £ a solution for A = A(r) exists in the form 

A = A + Ai. J [cxp(i J Qi.dx^.dr , Q 4 = Q l (x k ) , A , Ai = const. (209) 

and the connection between "Vjm and V^w is obtained in the form 

"V^u = ^jr-VfV = [Ai.exp(- / Q t .cfo J )].V ? v , Ai = const. (210) 

It follows from the last expression that there is a possibility the action of "V^ 
on a contravariant vector field u (as a tangential vector field to a given curve) to 
be juxtaposed to the action of on the corresponding to vector field u vector 
field v (obtained after changing the parameter of the curve). If the vector field 
v fulfils the condition for an auto-parallel transport along £, induced by the 
covariant differential operator (V^w = 0), then the vector field u will also 
fulfil the auto-parallel condition along £ induced by the covariant differential 
operator W V 4 ( w VfU = 0). 
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The action of "V^ on a metric tensor field g can be presented in the form 

■'^ai v i/y . (2ii) 

After contraction of both components of "V^g with ~g, i. e. for j[ w V^] = 
^.("V^Ja/j, the equality 

?rV«7] = (l-£).Q£ (212) 

follows. 

The trace free part of "Vf g, 

-V f5 = "Vtf - i.3rVtf].0 , (213) 



by means of (|212j) can be written in the form 

77—2 

-V e5 = "V£<? + — (214) 

Using this form, "V^g can be presented by means of its trace free part and 
its trace part in the form 

77—2 

w V cff =*-Vtg-—.Qt.g, (215) 

where g[-V^g] = 0. 

Special case: dimAf = 77 = 2 : u V e g = ^V 5 .g , 9[ w Vfp] = 0. 

SpeciaZ case: dimAf = 77 = 4 : "V^g = -V ? # - j.Qf.ff. 

The covariant differential operator preserving the invariant volume clement 
does not obey the Leibniz rule when acting on a tensor product Q eg) S of two 
tensor fields Q and S 

W V^(Q ® S) = "V C Q ® 5 + Q ® W V € S + i.Q^.Q (8) 5 , 

Qe® fc z(Af) ,Ser P (M) . 1 j 

10.5 Trace free covariant differential operator. Weyl's 
transport. Weyl's space 

The description of the gravitational interaction and its unification with the other 
types of interactions over differentiable manifolds with affine connections and 
metric [(L n , g)-spaces] induces [Q the introduction of an affine connection with 
a corresponding covariant differential operator s constructed by means of Vj 
and in the form 

S V^ = V 4 --.Q C , dimAf = ?7. (217) 
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The action of "Vj on a covariant metric tensor field g is determined as 

■V,// Y,g -.(),.,,. (218) 
n 

obeying the condition 

g[ s \7 ( g] = . (219) 

On the basis of this relation the covariant differential operator is called 
trace free covariant differential operator. 

If the transport of g by the trace free covariant differential operator s Vf 
obeys the condition 

S V ?5 = , (220) 
equivalent to the condition for V^g 

V e .g = ^.Q 6 .g , (221) 

then the transport is called Weyl's transport. 
The covariant vector held [s. (196)] 

Q = -.Q (222) 
n 

is called Weyl's covector field. 

A diffcrentiablc manifold M (dim M — n) with afhne connection and metric, 
over which for every contravariant vector held £ s T(M) the transport of g is 
a Weyl transport, is called Weyl's space with torsion ( Weyl-Cartan space) Y n 

%■ 

The trace free covariant differential operator s Vj is connected with the co- 
variant differential operator "V^ preserving the invariant volume element dtv 
through the relation 

n — 2 1 

= sy « _ ^T-°« = v ^ 2' Q « ' (223) 

The action of the two operators "V^ and S V^ would be identical, if dim M = 
n = 2 (Q £ ^ 0) or if Q e = 0. 

The components of the afhne connection T can be represented by means 
of the components of the afhne connections corresponding to the operators w Vj 
and s Vf;. 

V e(3 e Q can be written in the form 



V e(3 e <* = \ e P + e " ~ i e a > Cp]) ~ ^ -T(e a , 6/3) , (224) 



corresponding to the representation of in the form 

L 



rL = J(rL + rL - c Q/3 ?) - I.r Q , 7 = ^ _ * v . (225 ) 
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If we introduce the abbreviations 

ff V e(3 e Q = -(V ea ep + V eii 



[e a ,ep]) = r^/3-e 7 



'V e/J e a = Q a/3 7 .e 7 = (r^ .gl.Qp)^ 



then 



V e „e c 



v ep c a 



.Qp.e c 



V e(3 e Q = 9 V e/3 e Q + -.T(e ,e a ) 



From ( g2g ), ( p26[ ), and ( p28| ), it follows that 

The last equality corresponds to the representation of r 7 ^ in the form 
In analogous way, using the relations 

-v e ,e Q = -r^.e 7 = (r^ - yz.Qp)^ = 



(226) 
(227) 

(228) 
(229) 

(230) 

i 

(231) 
(232) 



one can obtain for V efl e Q 



V ef( e Q = ^[ s V e/3 e Q + i.TXe^e^) + "V e(3 e Q + i.Q/3.e Q ] 



The last equality is equivalent to the representation of r 7 ^ in the form 

1 „ ,, 1 



(233) 



Kp = \<FLp - \-T a & 7 + \.9l-Q& + -r^) 



(234) 



From ( |228| ) and ( |229| ), the connection between 9 V e/3 e a and s V e0 e a follows 
in the form 

s V e(3 e a = s V ej3 e Q - -.T(ef3,e a ) + -.Qp.e a , (235) 



equivalent to the connection between T a a and Q a 



r 



a/3 



/a/3 



*/3' 



2 71 

On the other side, there is a connection between s V Cs e a and "V ea e c 



1 



1 



9 V e/? e a = "V e(3 e a - -.T(e , e a ) + 



corresponding to the connection between r 7 ^ and "f^ 



r 7 

1 a/3 



+ + \-9l-Q? 



(236) 



(237) 



(238) 
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10.6 Lie differential operator preserving the invariant vol- 
ume element 

The action of the Lie differential operator £^ on the invariant volume element 
doj 

£ s (doj) = -.g[£ ig ].duj , 

allows the construction of a new Lie differential operator preserving the invariant 
volume element duo. 

Definition 28 w £^ := Lie differential operator preserving the invariant volume 
element dw along a contravariant vector field £ 

"£ € = £t- \.g[£t9] ■ 

The properties of ^ £^ are determined by the properties of the Lie differential 
operator and the existence of a covariant metric tensor field g connected with a 
contravariant metric tensor field g: 

(a) Action on the invariant volume element du: 

u £t(dw)= 0. (239) 



It follows from the definition of w £^ and (190). 
(b) Action on a contravariant basis vector field: 

"£e Q e /3 = £ eQ e^- \.g[£ ea g].ep = 
= {C afi 7 - ^.g p,7 .£ ea g pr7 .gj).e 1 , 

1 kl 



(240) 



£oA = --.g M .£ di 9ki-d Q . (241) 



2 



(c) Action on a covariant basis vector field: 

u £ ea e> 3 = £ ea e> 3 - \.g[£ ea g]J' 



(242) 



'£ 9z dx 3 = k ml j .dx rn - ^.g[£ di g].dx ] . (243) 



(d) Action on a function /: 



'£zf = U-\-g[£i9]-f, feC r (M),r>l. (244) 



If we introduce the abbreviations 



Pfs = g{£ ef) g] = g lS -£ eil g~fS , (245) 



JW 



P j =g[£a j g}=g M .£a j g k i , (246) 
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P = Pp.e 13 = P-j.dx 3 , (247) 
P t = g[£ i9 ] = 2.^ , (248) 

C a(} 7 = C Q/3 7 - \.P a .g} , C Q/3 7 ^ ~C Pa i , (249) 



then and ( |240| ) -j- ( |244| ) can be written in the form 



J £i = £(- > (250) 



(251) 



J £oA = —.Pity , (252) 



£ £ a G^ — £ £ a G^ 2 ■ -^cx. *^ 



(253) 



u £ di dx j = k mi j .dx m - -.Pi.dx j , (254) 

UJ £if = tf-l-Ps-f, feC r (M), r>l. (255) 

The commutator of two Lie differential operators preserving ckv has the 
following properties: 

(a) Action on a function /: 



["£ s , = (£ ?U )/ + i(uP e - £P„)/ = 

= [£cu + |(ttP { - £P„)]/ , / g C r (M) , r > 2 . 

(b) Action on a contravariant vector field: 

[»£{, "£ u ]v = [£ ( , £ u ]v + §(t,P £ - £P u )v = 
= {[£ ( ,£ u } + ^(uP i -^P u )}v , £,u,t>eT(M) . 

(c) Satisfies the Jacobi identity 

< u £ u ], u £v] >— [r ^^ujj 

u £ £ ], w £u] + [["£■», u £v], = o . 



(256) 



(257) 



(258) 



The different types of differential operators acting on the invariant volume 
element can be used for description of different physical systems and interactions 
over a differentiable manifold with affine connections and metric interpreted as 
a model of the space-time. 
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11 Conclusions 



The main conclusions following from the obtained results could be grouped 
together in the following statements: 

1 A contraction operator S, commuting with the covariant differential oper- 
ator and with the Lie differential operator, for which the affine connection 
P determined by the covariant differential operator for covariant tensor 
fields is different (not only by sign) from the affine connection T deter- 
mined by the covariant differential operator for contravariant tensor fields 
can be introduced over every diffcrentiable manifold. The components (in 
a co-ordinate or in a non-co-ordinate basis) of the both affine connections 
Pj k and Tj k differ to each other by the components gj. k of the covariant 
derivatives of the Kronecker tensor. At that, at least three cases could be 
distinguished: 

(a) gi. k := : Pj k +r*. fc = , [P? fc differs only by sign from T l - k (canonical case: 

S:=C)], 

(b) g). k : ^ k .gj : P] k + T) k = W * , <p G C r (M), [i* differs from Y) k by 

the derivative of an invariant function ip G C r (M), r > 2, along a basis 
vector field (dk or ejt), and the components of the Kronecker tensor in the 
given basis], 

(O 9); k = Qjk :I 1k + Tjfe = 4' 9 e ® X ^(M), [P; k differs from T) k by the 
covariant derivative g z j. k of the Kronecker tensor along a basis vector field 
d k (or e k )}. 

In the cases (b) and (c) the Lie derivatives of covariant tensor fields depend 
also on structures determined by the affine connections in contrast to the case 
(a), where the covariant derivative and the Lie derivative of covariant tensor 
fields are independent of each other structures (although the fact that the Lie 
derivatives can be expressed by means of the covariant derivatives) . 

On the grounds of the obtained results the kinematics of vector fields has 
been work out |Q , 1 47 - (mJ . The Lagrangian theory for tensor fields has been 



considered |51j and applied to the Einstein theory of gravitation as a special 
case of a Lagrangian theory of tensor fields |i2| over ^-spaces (n = 4) . 
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